Abstract. We construct spectral sequences for computing the cohomology of automorphism groups of formal groups with complex multiplication by a p-adic number ring. We then compute the cohomology of the group of automorphisms of a height four formal group law which commute with complex multiplication by the ring of integers in the field Q p ( √ p), for primes p > 5. This is a large subgroup of the height four strict Morava stabilizer group. The group cohomology of this group of automorphisms turns out to have cohomological dimension 8 and total rank 80. We then run the K(4)-local E 4 -Adams spectral sequence to compute the homotopy groups of the homotopy fixed-point spectrum of this group's action on the Lubin-Tate/Morava spectrum E 4 .
This paper is intended as a companion and sequel to [17] . In J.P. May's thesis [8] , he used the results of Milnor and Moore's paper [10] to set up spectral sequences for computing the cohomology of the Steenrod algebra, the input for the classical Adams spectral sequence; in chapter 6 of [14] , Ravenel adapts May's spectral sequences for the purpose of computing the cohomology of automorphism groups of formal group laws, i.e., Morava stabilizer groups, which are the input for various spectral sequence methods for computing stable homotopy groups of spheres and Bousfield localizations of various spectra. In this paper we adapt Ravenel's tools to the task of computing the cohomology of automorphism groups of formal group laws with complex multiplication by a p-adic number ring A, i.e., formal A-modules. We show (Theorem 5.1) that these automorphism groups are closed subgroups of the Morava stabilizer groups, so that the machinery of [4] can be used to construct and compute the homotopy fixed-point spectra of the action of these automorphism groups on Lubin-Tate/Morava E-theory spectra; and then, most importantly, we actually use all this machinery to do some nontrivial computations: in Theorem 4.5, we compute the cohomology of the group strictAut( 1 GẐ p [
) of strict automorphisms of a height four formal group law which commute with complex multiplication by the ring of integers in the field Q p ( √ p), for primes p > 5. This is a large subgroup of the height four strict ); F p ) is a nine-dimensional F p -vector space, and so on.
We then run the descent/K(4)-local E 4 -Adams spectral sequence to compute the homotopy groups of the homotopy fixed-point spectrum E In work currently in preparation, we use some of the computations in this paper as input for further, more difficult computations which eventually arrive at the cohomology of the height four Morava stabilizer group at primes p > 7; see [16] for some details.
The computations in section 4 of this paper appeared already in the (unpublished, and not submitted for publication) announcement [16] ; any version of that announcement which is ever submitted for journal publication will feature at most only an abbreviated version of these computations, with the idea that the complete versions are those provided in the present paper.
Conventions 1.1.
• In this paper, all formal groups and formal modules are implicitly assumed to be one-dimensional.
• Throughout, we will use Hazewinkel's generators for BP * (and, more generally, for the classifying ring V A of A-typical formal A-modules, where A is a discrete valuation ring).
• By a "p-adic number field" we mean a finite field extension of the p-adic rationals Q p for some prime p.
• When a ground field k is understood from context, we will write Λ(x 1 , . . . , x n ) for the exterior/Grassmann k-algebra with generators x 1 , . . . , x n .
• Given a field k, we write k{x 1 , . . . , x n } for the abelian Lie algebra over k with basis
• When L is a restricted Lie algebra over a field k and M is a module over the restricted enveloping algebra VL, we write H primitively generated cocommutative Hopf algebras over k, and this equivalence preserves cohomology, i.e., H * 
where UL is the universal enveloping algebra of L.
• Whenever convenient, we make use of the Chevalley-Eilenberg complex of a Lie algebra L to compute (unrestricted) Lie algebra cohomology H * unr (L, M), as in [2] .
• Many of the differential graded algebras in this paper have a natural action by a finite cyclic group; given an action by a finite cyclic group C n on some DGA, will always fix a generator for C n and write σ for that generator.
2. Review of Ravenel's filtration and associated May spectral sequences.
This paper continues from [17] ; for a brief introduction to formal A-modules, their moduli, A-typicality, A-height, and so on, the reader can consult that paper. A more complete account is in [13] , and an even more complete account is chapter 21 of [5] . Briefly, the most important fact we will use is that, for A the ring of integers in a p-adic number field, the classifying ring of A-typical formal A-modules is 
Furthermore, the ring map 
, where the coproduct is given by 
We describe the bracket and the restriction ξ on L(n): 
Generalizations for formal A-modules.
Recall that a graded Hopf algebra A over a field k is said to be finite-type if, for each n ∈ Z, the grading degree n summand A n of A is a finite-dimensional k-vector space. 
* induces a compatible filtration on the Hopf algebra
The associated graded Hopf algebra E
of a primitively generated finite-type Hopf algebra, which, as a quotient of
with coproduct
(3.0.7)
* , and:
, and
Proof. The claim that the underlying formalẐ p -module of ω G A 1/n is 1 GẐ p 1/dn is simply a special case of Theorem 2.2, as is the isomorphism 3.0.6. The fact that the Ravenel filtration on 
* is finite-type is immediate from its given presentation; and it is dual to a primitively generated Hopf algebra since its linear dual is a sub-Hopf-algebra of the linear dual of
, which is primitively generated.
Theorem 3.2. (Structure of PE
0 k(ω)[strictAut( ω G A 1/n )].) Let K/Q p
be a field extension of degree d and ramification degree e and residue degree f . Let A be the ring of integers of K, let π be a uniformizer for A, and let k be the residue field of A. Let n be a positive integer, and let
ω ∈ k be a q en −1 q n −1 th root of π e p . Let PE 0 k(ω)[strictAut( ω G A 1/n )] be
the restricted Lie algebra of primitives in the k(ω)-linear dual Hopf algebra E
, and dual to the natural surjection
we have an inclusion of restricted Lie algebras over k(ω):
Proof. Formula 3.0.9 follows from checking where elements in
we use the description of the map 2.0.1 in Theorem 2.2 to accomplish this. The map
i , where j 0 , j 1 are the unique nonnegative integers such that j = j 0 + j 1 f n and j 0 < f n;
q j 1 n −1 q n −1 t i, j 0 . Formula 3.0.9 follows at once. Now suppose that p = π e . We compute the Lie bracket in
; but this immediately means contending with the non-linearity of the restriction map, which complicates the computation. Instead it is easier to compute 
and hence after p − 1 iterations of ∆ applied to t i+dn, j+1 , we get a copy of the monomial t i, j ⊗ . . . ⊗ t i, j . When pi ≤ pdn p−1 and i = k f n for some positive integer k, then formula 3.0.7 gives us that the (p − 1)st iterate of ∆, applied to ∆(t pi, j ), contains the monomial
It is simple to show that no further monomials t a,b have the property that their (p − 1)st iterated coproducts contain the pth tensor power monomial t i, j ⊗ . . . ⊗ t i, j . Formula 3.0.11 follows.
The 
Now here is a very useful corollary of Theorem 3.2: [7] (as in 2.0.3), is the one which computes restricted Lie algebra cohomology from unrestricted Lie algebra cohomology; we will call that spectral sequence the Lie-May spectral sequence to distinguish it from the May spectral sequence (unfortunately, there is probably no perfect choice of terminology to be made here; e.g. chapter 6 of Ravenel's book [14] refers to both spectral sequences as May spectral sequences). 
splits into a tensor product of a spectral sequence
with a spectral sequence with trivial E ∞ -term; and likewise, the Lie-May spectral sequence
with a spectral sequence with trivial E ∞ -term.
We have a morphism of spectral sequences:
Proof. That the morphism 3.5 of spectral sequences exists follows from May's construction of the Lie-May spectral sequence in [7] . The splittings occur because of formula 3.0.10, which tells us that the unrestricted Lie algebra underlying L(dn) splits into a product of L(dn, [9] or Corollary 9 of [7] ) whose associated spectral sequence is the Lie-May spectral sequence has the property that it splits into a tensor product of a cohomologically trivial filtered chain complex and one whose associated graded chain complex has cohomology Proof. We have the extension of Lie algebras
and to compute the resulting spectral sequence in cohomology, we take the ChevalleyEilenberg DGAS and then compute the Cartan-Eilenberg spectral sequence for the extension of C 2 -equivariant trigraded DGAs
Since the differential on K (2, 1) is zero (see Observation 3.7), H * , * , * (K (2, 1)) ∼ = K (2, 1) ∼ = Λ(h 10 , h 11 ). A change of F p -linear basis is convenient here: we will write ζ 2 for the element h 20 + h 21 ∈ Λ(h 20 , h 21 ). (This notation for this particular element is standard. As far as I know, it began with M. Hopkins' work on the "chromatic splitting conjecture," in which ζ 2 plays a special role.) We will write η 2 for the element h 20 − h 21 .
We have the differentials
The table 4.1.1 has one row for each element in an F p -linear basis for the cohomology ring H * , * , * (K (2, 2) ), but from now on in this document, for the sake of brevity, when writing out similar tables for grading degrees of elements in the cohomology of a multigraded equivariant DGA, I will just give one row for each element in a set of generators for the cohomology ring of the DGA. 
We now run spectral sequence 2.0.4. This is, like all May spectral sequences, the spectral sequence of the filtration (in this case, Ravenel's filtration) on the cobar complex C
• (A) of a coalgebra A induced by a filtration on the coalgebra itself. To compute differentials, we take an element x ∈ H * (C
then x is a cocycle in the cobar complex C
• (A) and not merely in its associated graded
, then we add correcting coboundaries of lower or higher (depending on whether the filtration is increasing or decreasing) filtration until we arrive at a cocycle which we recognize as a cohomology class in the spectral sequence's E 1 -page.
It will be convenient to use the presentation
for all i , where t i, j is the image in the associated graded of t
* , is given by [14] for this formula. h 10 , h 11 : The class h 10 is represented by t 1,0 in the cobar complex
Since t 1 is a coalgebra primitive, i.e., a cobar complex 1-cocycle, all May differentials are zero on h 1,0 . The C 2 -equivariance of the spectral sequence then tells us that all May differentials also vanish on h 1,0 . ζ 2 : There is no nonzero class in cohomological degree 2 and internal degree 0 for ζ 2 to hit by a May differential of any length. h 10 η 2 , h 11 η 2 : The cohomology class h 10 η 2 in the Chevalley-Eilenberg complex of the Lie algebra of primitives in 2) is a subcomplex) is represented by the 2-cocycle t 1,0 ⊗t 2,0 −t 1,0 ⊗t 2,1 −t 1,0 ⊗t 1,0 t 1,1 in the
* . This 2-cocycle lifts to the 2-cocycle
Hence all May differentials vanish on h 10 η 2 , and by C 2 -equivariance, also h 11 η 2 .
So the May differentials of all lengths vanish on the generators of the ring Cotor * , * , * 
where Proof. We have the extension of Lie algebras
and we take their Chevalley-Eilenberg DGAs, then compute the Cartan-Eilenberg spectral sequence for the extension of C 2 -equivariant trigraded DGAs:
and their products with classes in H * , * , * (K (2, 2) ). The nonzero products are
We write e 40 for the cocycle h 10 h 31 − h 11 h 30 . Extracting the output of the spectral sequence from knowledge of the differentials is routine.
Proposition 4.4. Suppose p > 3. Then we have an isomorphism of trigraded C
where Proof. We compute the Cartan-Eilenberg spectral sequence for the extension of C 2 -equivariant trigraded DGAs
A change of F p -linear basis is convenient here: we will write ζ 4 for the element h 40 + h 41 ∈ Λ(h 40 , h 41 ), and we will write η 4 for h 40 − h 41 . We have the differentials 
)] * , which lifts to the 1-cochain
Since this 1-cochain is also a 1-cocycle, all May differentials vanish on ζ 4 . Now suppose that q ≥ 1 is some integer and that we have already shown that d r vanishes on all classes, for all r < q. Then d r (η 2 e 40 · η 4 e 40 ) = 0, i.e., d r vanishes on the duality class in the algebra A 2,4 . For each element in that algebra, we have shown that d r vanishes on either that element, or on its Poincaré dual. Since d r also vanishes on the duality class, d r vanishes on all elements in that algebra. Since d r also vanishes on ζ 2 and ζ 4 , d r vanishes on all classes. By induction, the spectral sequence collapses with no nonzero differentials. 
So

Topological consequences.
It is well-known, e.g. from the Barsotti-Tate module generalization of the Dieudonné-Manin classification of p-divisible groups over k (see [6] ; also see [12] for a nice treatment of the theory of Barsotti-Tate modules), that the automorphism group scheme of a formal A-module of positive, finite height over a finite field is pro-étale; in more down-to-earth terms, the Hopf algebra corepresenting the group scheme Aut( ω G A 1/n ⊗ k k) is the continuous k-linear dual of the k-linear group ring of some profinite group, namely, the automorphism group (honestly a group, not just a group scheme!) of ω G A 1/n ⊗ k k. In this section we will cease to work with group schemes and we will simply write Aut( ω G A 1/n ⊗ k k) for that profinite group.
The following is a generalization of a result in [17] , and the argument is almost wordfor-word the same: Proof. See [3] and [4] for the equivalence 
Since V(3) is E(3)-acyclic, L K(4) V(3) is weakly equivalent to L E(4) V(3), so L K(4) V(3) ≃ L E(4) V(3) ≃ V(3) ∧ L E(4) S since E(4)-localization
